Employing both Bayesian statistics and the theory of nonlinear dynamics, we present a practically efficient method to extract a phase description of weakly coupled limit-cycle oscillators directly from time series observed in a rhythmic system. As a practical application, we numerically demonstrate that this method can retrieve all the interaction functions from the fluctuating rhythmic neuronal activity exhibited by a network of asymmetrically coupled neurons. This method can be regarded as a type of statistical phase reduction method that requires no detailed modeling, and as such, it is a very practical and reliable method in application to data-driven studies of rhythmic systems.
Employing both Bayesian statistics and the theory of nonlinear dynamics, we present a practically efficient method to extract a phase description of weakly coupled limit-cycle oscillators directly from time series observed in a rhythmic system. As a practical application, we numerically demonstrate that this method can retrieve all the interaction functions from the fluctuating rhythmic neuronal activity exhibited by a network of asymmetrically coupled neurons. This method can be regarded as a type of statistical phase reduction method that requires no detailed modeling, and as such, it is a very practical and reliable method in application to data-driven studies of rhythmic systems.
Theoretical models have provided great insight into the nature of real-world dynamic phenomena [1] [2] [3] [4] . In general, to understand some phenomena of interest, we need to construct a good theoretical model that accounts for experimental data. Successful theoretical models can be roughly divided into two classes. One class consists of detailed models constructed to faithfully reproduce as many characteristics of the systems under study as possible. Such models contribute to the quantitative understanding of the dynamical behavior of the specific systems to which they are applied. The other class consists of abstract models constructed to capture some essential aspect of the systems of interest, such as rhythmic behavior. This type of model is not intended to accurately simulate all the dynamical behavior of a specific system, but rather to provide a description of some universal aspect of its dynamics. The advantage of this type of model is that, because it does not focus on the detailed behavior of any specific system, but rather on the universal aspects of this behavior, it can provide a unified framework for describing the behavior exhibited by a wide range of dynamical systems. In this way, such models allow us to gain a deeper understanding of the universal mechanisms existing in broad classes of systems.
One successful model of the abstract type described above is the phase description of the dynamics of interacting oscillatory systems (Fig. 1) . In such a model, the evolution of each oscillatory system is described by a single degree of freedom, the phase. In this description, the dynamics of a system of N coupled oscillators is generally described by a set of equations of the form
where φ i is the phase of the i-th oscillator, representing the timing of its oscillation [5] . The parameter ω i and the function Γ ij (∆φ) denote the natural frequency of the i-th oscillator and the coupling function from the j-th oscillator to i-th oscillator, respectively. These coupling functions and natural frequencies can be theoretically determined using a detailed model of the form
where X i denotes the multidimensional state of the i-th oscillator), whose dynamics generally have a large number of degrees of freedom. In fact, it has been found that, employed in this manner, the theory of dynamical systems allows for the construction of models of the form (1) that provide descriptions of a broad class of systems of limit-cycle oscillators. Specifically, this class consists of those systems in which the interactions between oscillators only affect the phase asymptotically. In particular, it has been found that rhythmic systems of diverse types can be treated by models of this form [6] .
The conventional method for constructing the phase oscillator model for a specific system consists of two steps: In the first, a detailed model is constructed from experimental data, and in the second, a phase model of the form (1) is derived from this detailed model by applying the phase reduction theory (Fig. 1) . However, it is often unfeasible to construct the correct detailed model in one step, because the underlying dynamics are generally nonlinear and of high dimension. For this reason, derivation of the phase model using the conventional approach is often quite complicated and time consuming. In this Letter, we propose an alternative approach to describing the dynamics of such a network that forgoes the detailed model used in the conventional approach and, instead, begins with (1), slightly generalized to include a noise term as
In our approach, we skip the first step of the conventional approach and determine the explicit content of the phase model given in (2) directly from time-series data ( Fig. 1 ). This can be regarded as a statistical version of the phase Conceptual diagram of the method for obtaining phase dynamics from observed rhythmic time series. In the conventional approach, we first construct a detailed model based on experimental observations and next obtain the phase oscillator model by applying the phase reduction method to this detailed model. Our proposed alternative approach begins with a phase oscillator model of generic form. We then determine through use of a Bayesian statistical method the explicit content of this model directly from the observed time-series data, without constructing the detailed model. This can be regarded as a statistical phase reduction method based on Bayesian theory. reduction method based on Bayesian theory. Here, we introduce the noise η i (t), which represents an unavoidable source of uncertainty, for example, arising from observational error. For simplicity, we assume that each noise function η i (t) is independent Gaussian white noise satisfying η i (t) = 0, η i (t)η j (s) = 2D i δ ij δ(t − s), where δ ij is the Kronecker delta and D i represents the strength of the noise. Thus, in the approach we propose, we must determine the nonlinear coupling functions Γ ij (∆φ) and the model parameters ω i and D i in the dynamical system (2) so as to best predict the dynamical behavior of the observed system. This is a typical nonlinear optimization problem. Such problems are often difficult to treat because there generally exist many local optimal solutions, owing to the nonlinearity. To overcome this difficulty, we employ a Bayesian statistical approach, which allows us to derive the phase oscillator model directly from the time-series data [7] [8] [9] [10] [11] [12] [13] [14] .
Consider the situation in which we observe N oscillatory signals, s i (t) (i = 1, . . . , N ), each of which is generated by a separate limit-cycle oscillator, and suppose that these oscillators are weakly coupled. Further, we assume that each signal s i (t) is sampled at T + 1 discrete time points t τ = t 1 + (τ − 1)∆t, where τ = 1, 2, . . . , T + 1 and ∆t is the sampling interval.
Our method consists of two main steps In the first step, we transform each observed signal into a time series of the phase (Fig. 2b) . For this purpose, using the Hilbert transformation s H i (t) of the signal s i (t), we construct a prototype of the phase θ i (t), as defined by [15] . However, the variable θ i here generally differs from the phase φ i used in the phase description (2), because θ i does not increase with time at a constant rate in the absence of both interactions and noise. In the context of dynamical systems described by (2), the phase should be chosen as a quantity that changes in time at a constant rate in the absence of noise and interactions. Using the fact that the probability density distribution of θ i , f (θ i ), is inversely proportional to dθ i /dt statistically, Kralemann et al. proposed the following transformation from the prototype phase θ i to the phase
With the above two procedures, we can transform the observed signals s i (t τ ) into N time series of the phase φ i (t τ ) (τ = 1, 2, · · · , T + 1), which are expected to increase linearly with time in the absence of noise and interactions. In general, the presence of noise and interactions causes slight fluctuations of the phases. These fluctuations contain information from which the explicit content of (2) can be inferred.
As an illustrative example, we applied the method described above to a system of two coupled van der Pol oscillators, as shown in Fig. 2 
(t) (i.e., x i is unobservable), as illustrated in Fig. 2a . Figure 2b exhibits a typical result of the transformation from the signals y i to the phases φ i .
The second step is to determine the explicit content of the phase oscillator model (2) needed to generate the obtained phase time-series φ i (t τ ). First, we specify all of the parameters to be evaluated. The 2π-periodic coupling function Γ ij can be expanded in a Fourier series as Γ ij (∆φ) = a
ij sin(m∆φ) . In this expansion, we keep only up to the M i -th harmonic for each Γ ij . The parameters M i control the complexity of the model and can be determined using a model selection method, as explained below. Except in certain particular situations, {a (0) ij } j =i and ω i are redundant, because their contributions to the dynamics are inseparable [11] .
and ψ ij ≡ φ j − φ i . We next evaluate the above parameters from the phase time-series {φ i (t τ )} (i = 1, . . . , N ; τ = 1, . . . , T + 1) on the basis of the Bayesian statistical framework [17, 18] . First, we write the probability to reproduce the observed phase time series {φ i (t τ )} given c i and D i as
∆t . Here, N (µ, σ 2 ) denotes the density of the Gaussian distribution with mean µ and variance σ 2 . Next, following the standard Bayesian approach, we introduce a probability density distribution of the unknown parameters written p(c i , D i ), which allows us to compute not only the most probable parameter values (maximum likelihood estimates) but also their uncertainties. When we obtain new observed data {φ i (t τ )}, the parameter distribution p(c i , D i ) is updated according to Bayes' theorem,
where p(c i , D i ) and p(c i , D i |{φ i (t j )}) are called the "prior" and "posterior" distributions, respectively. Although the choice of the functional form of the prior distribution is somewhat arbitrary, it is convenient to use a conjugate prior distribution so that the posterior distribution derived from (4) has the same functional form as the prior distribution. In particular, if the conjugate prior distribution can be characterized by some parameters (called hyperparameters), we have only to update the values of the hyperparameters to obtain the posterior distribution. For the conjugate prior distribution, we adopt a Gaussian-inverse-gamma distribution [16] , given by
where P i is the dimension of the vector c i . Note that the prior distribution for c i and D i is characterized fully by the hyperparameters χ i , Σ i , α i and β i . Using Eq. (4) with Eqs. (3) and (5), we can easily compute the hyperparameters of the posterior distribution as follows:
Here we have defined the T -dimensional column vectors (δ i ) τ ≡ φi(tτ+1)−φi(tτ ) ∆t (τ = 1, . . . , T ) and the T × P i matrices
. The superscripts "new" and "old" indicate the hyperparameters of the posterior and prior distributions, respectively.
In the case of van der Pol oscillators, a typical form of the posterior distribution forω 2 is displayed in Fig. 2c . The different curves correspond to posterior distributions obtained using observations with different durations. It is seen that as the amount of data is increased, the peak of the posterior distribution becomes sharper and closer to the theoretical value (dashed vertical line). This implies that the estimated mean value becomes both more accurate and more precise as the amount of data increases. Now we return to the determination of M i , which controls the degree of approximation ofΓ ij (∆φ) resulting from the truncation of the Fourier series. Bayesian theory provides an effective method to choose the "best" model with certain values of the parameters M * i . In this method, using the posterior distributions calculated with Eq. (3) 
It is well known that the quantities L i measure the goodness of a fit over all possible values of the parameters, taking account of the model's complexity, which is essentially given by the total number of model parameters to be evaluated [17, 18] . Then, it is reasonable to choose the optimal value M *
The dependence of the marginal likelihood function on M i for the case of van der Pol oscillators is plotted in Fig. 2d . Note that L i generally tends to decrease as a function of M i for sufficiently large M i , because the number of free parameters is too large (i.e., the model is too complex). The graph shows that L 1 and L 2 are maximal at M 1 = 1 and M 2 = 3, respectively. This result implies that the functionΓ 12 (∆φ) is accurately approximated by only the first Fourier mode, whereas we need to consider up to the third mode forΓ 21 (∆φ). Using the posterior distribution obtained with M 1 = 1 and M 2 = 3, we can calculate the posterior density distribution for the functional form of the deterministic terms ω i + Γ ij (ψ ij ), as indicated in Fig. 2e . It is seen that the estimated functions converge to the theoretical ones as the amount of data increases.
It is somewhat surprising that, even if we use a pair of different state variables x 1 and y 2 as the signal sources (Fig. 2f) , the result of the estimation is essentially unchanged (Fig. 2g) . This suggests that the result is largely insensitive to the choice of the observed signals; in other words, we can use any variables that reflect the rhythmic behavior of each oscillator. This suggests that our method should be widely applicable in various experimental settings. We note that, as shown in Fig. 2g , an uncertainty in the phase shift is inevitable, because even in principle we cannot know the phase relationship between x 1 and y 2 only from the data. However, it is seen that, other than such an inevitable phase shift, the estimation is reasonably accurate.
We next apply our method to a more practical case, in which a network consisting of a larger number of synaptically coupled inhibitory and excitatory neurons is investigated (Fig. 3a) , and the neuronal membrane voltages V i (t) are measured as signals. In addition, we consider more general and realistic experimental conditions, in which only some of the neurons are actively spiking, while others are inactive, as shown in Fig. 3b . In this treatment, we assume that the properties of the synaptic connections do not change throughout the measurement procedure. In each trial, we randomly choose only three or four neurons to be activated by injecting the selected neurons with different neuronspecific levels of current. One of the characteristics of the synaptic interaction used here is that inactive neurons are not involved in the interaction and thus have no effect on the dynamics of the system. This means that in a single trial, we can retrieve information only regarding the interactions among the neurons that are active in that trial. Even with the information limited in the manner described above, by combining the data from sufficiently many experimental trials, we found that with our proposed method, we are able to obtain a phase description directly from the observed time-series data. Figure 3c displays the result for the estimated mean of the coupling functions Γ ij (∆φ). We find that the estimated coupling functions are sufficiently close to the theoretical ones that the resulting model correctly discriminates among inhibitory, excitatory and null couplings. It is thus seen that the essential functional aspects of the neuronal network can be reconstructed from the voltage time-series data alone. Furthermore, we have confirmed that the coupling functions can also be successfully evaluated in the case of a larger network [16] .
In this Letter, we have proposed an approach for constructing a coupled phase oscillator description of rhythmic behavior directly from fluctuating time-series data. This approach combines the theory of nonlinear dynamics and a Bayesian statistical method. We have demonstrated that this approach allows us to reconstruct the coupling functions in a quantitatively accurate manner, even in the case that only one of the states of each oscillator exhibiting rhythmic behavior is measured. Furthermore, we have confirmed that both the precision and accuracy of the reconstruction are essentially the same in the case that the observed state variables of the oscillators are of different types as in the case that they are of the same type. We thus believe that our method will be quite useful in application to actual experiments and that it will contribute to data-driven studies of various rhythmic phenomena found in biological, physical and social systems.
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SUPPLEMENTAL MATERIAL I. THE PRIOR DISTRIBUTION AND ITS HYPERPARAMETERS
The full form of a Gaussian-inverse-gamma distribution (Eq. 5 in the main text) is written as
where σ 2 ≡ 2D ∆t , and we omit the subscripts i to keep the notation uncluttered. This is a conjugate prior distribution for the Gaussian likelihood function given in Eq. 3. By substituting the likelihood (Eq. 3) and prior distribution (Eq. 5) into Bayes' theorem (Eq. 4), it is easily checked that the posterior distribution also has a Gaussian-inverse-gamma form, and thus we obtain the relations for the hyperparameters (Eq. 6).
In the numerical simulations discussed in the main text, the hyperparameters in the prior distributions were initially set as follows. We chose χ was initially chosen to be a diagonal matrix as
and we determined the precision parameters λ i by maximizing the marginal likelihood, just as we did for M i (see the next section).
II. APPROXIMATED MAXIMIZATION OF THE MARGINAL LIKELIHOOD
In the analyses presented in the main text, we determined the values of M i and λ i by maximizing the log marginal likelihood function L i , following a Bayesian model selection method. However, because in general we cannot analytically optimize L i with respect to these parameters, we approximated the optimal parameter values, M * i and λ * i . Specifically, we considered many points distributed over the plane (M i , λ i ) as 
III. MODEL EQUATIONS USED IN THE FIRST EXAMPLE
In the simulations whose results are plotted in Fig. 2 in the main text, we used the van der Pol-type oscillators given byẋ 1 = y 1 + K(x 2 − x 1 ) + ξ x,1 (t), y 1 = ǫ 1 (1 − x FIG. S1. Estimated (red trace) and true (black trace) coupling functionsΓij for the example with twenty neurons. For the estimated curves, the posterior mean is plotted. It should be noted that couplings between distinct types (excitatory and inhibitory) of postsynaptic and presynaptic cells lead to significantly different forms for the coupling functions.
